This paper is concerned with the performance output regulation problem for a wave equation with input delay and unmatched disturbance. Firstly, in the case of time delay, the input delay term is translated into a first-order hyperbolic equation and we obtain a cascade system. By applying the method of auxiliary trajectory, the unmatched disturbance is compensated and eliminated. Then, we design a state feedback controller. Meanwhile, with the measured error signal, we construct an observer for the cascade system. Based on the observer, an error feedback controller is developed by replacing the states with their estimations. By using Lyapunov functional method, we also prove the regulation error goes to zero exponentially. Thus, the problem of output tracking is solved for the wave equation in despite of input delay and unmatched disturbance. Finally, the numerical simulations are presented to validate the theoretical results.
I. INTRODUCTION
In this paper, we consider a problem of output tracking for a wave equation with input delay and unmatched disturbance. In the last several decades, the performance output regulation problem for systems described by partial differential equations (PDEs) has been studied extensively. The goal of output tracking is to design a controller so that the performance output of the control systems can track a reference signal. The regulation problem consists of two parts, which can be studied separately, one of stabilization problem, one of output tracking problem. In this paper, we assume the controller is to be stabilizing and only consider the output tracking problem. Comparing with the finite-dimensional system [1] - [3] , there exists various of so-called non-collocated problem in infinitedimensional PDE system. Example can be found in [4] where the performance output tracking is considered for a wave equation with unmatched harmonic disturbance. Meanwhile, in [5] , the problem of output tracking for a wave is also studied. Different from [4] , a general boundary unmatched The associate editor coordinating the review of this manuscript and approving it for publication was Bing Li . disturbance has been studied in [5] by using the method of disturbance compensation proposed in [6] . However, the references mentioned above only considers a relatively simple case where the performance output and the control actuation are on the same boundary, which is very different to the non-collocated case considered in this paper. Thus, motivated mainly by [4] , [5] , in this paper, we consider a much harder case where the performance output is not collocated to the control actuation. The recent progress of this problem was made in [7] - [10] . In addition, [11] , [12] also solved the performance output tracking problem by internal model principle. Different from the methods mentioned above, in this paper, we mainly study the non-collocated output tracking by the method of auxiliary trajectory and servomechanism. The advantage of this method is the controller can be designed without solving the regulation equation or kernel equation.
Time delays are common in physical systems and engineering applications, such as sampled-data control, chemical process control, road traffic systems. It has been shown that the time delays often create stability problem or cause periodic oscillation. Hence, many researchers considered the stability problem of the various systems with time delay. The key method to dealing with the delay problem is to make the delay model as a first-order hyperbolic equation [13, Chapter 9] . By applying this method, the system will become a interconnected system by initial system and first-order hyperbolic equation. Recently, for the interconnected system, Liu [14] has considered a wave-heat cascade system and the performance output regulation problem is solved. In distributed parameter system, Guo and Yang [15] , [16] have applied this approach in Euler-Bernoulli beam equation and Schrödinger equation with time delay boundary observation and obtain the stability results. In [17] , for a string equation with time delays in output feedback loop, the stability result has been obtained by spectral analysis method. However, the problem of output tracking with input delay has little results. But the stabilization problem of input time-delay systems has been studied in [18] - [20] . Hence, motivated by [21, Ch. 19] , we want to solve the output regulation problem of the wave system with input delay.
Therefore, we are mainly concerned with, in this paper, the non-collocated performance output regulation problem for a wave equation with input delay and unmatched disturbance as follows:
where u 0 and u 1 are the initial state, Y out the performance output, d(t) the disturbance, U : [−τ, ∞) → R the control input with the time delay τ . We are going to design a control law so that the performance output Y out tracks the given reference signal Y ref in the presence of the external disturbance d and the input delay τ . We suppose that the disturbance and the reference signal is the harmonic signals of the following form:
whereÃ k ,B k , A j , B j are unknown amplitudes, and ω j ,ω k are known frequencies, j = 1, 2, · · · , m, k = 1, 2, · · · ,m. By a simple computation, the disturbance and reference can be generated by the exosystem as follows:
where G ∈ R n×n is the system matrix, F and Q are known n-dimensional row vectors, the initial state v 0 depends on the amplitudesÃ k ,B k , A j , B j , and hence is unknown. Throughout this paper, we always assume that G is invertible and diagonalizable with σ (G) = {λ i } n i=1 ⊂ iR/{0} and Re Gx, x C n = 0, ∀x ∈ C n . Under this assumption, the general harmonic signal can be written as an output of the exosystem (3) . With this assumption, the mathematical foundations of the output regulation problem in question can be found in [22] and [23] .
In order to solve the problem of time delay, motivated mainly by Krstic [21, Ch. 19] , we consider the change of variable
Then the time delay in (1) can be written dynamically
where h is a known function. In terms of (4) and (5), system (1) with disturbance can be written as
Now, in system (6), we need to design a controller to solve the performance output regulation problem in the state space H = H 1 (0, 1) × L 2 (0, 1) × L 2 (0, 1) × C n and we will overcome three difficulties as follows: 1) the performance output regulation for the cascade system (6) with Dirichlet boundary connection; 2) the performance output u(1, t) and disturbance d(t) is non-collocated to the control actuation U ; 3) the input control actuation U with time delay τ ; such that the regulation error Y e = Y ref − Y out (the only measurement for controller design) satisfies
Problem 1) is the result of dealing with problem 3). In practical production, it takes a certain amount of time to observe the signal and input the control action, which leads to the problem of time delay. Therefore output tracking control also faces the problem of input delay. Problem 2) is a challenging problem for output tracking in distributed parameter system. In the distributed parameter control theory, the boundary condition of the system plays an important role. In practice, many distributed parameter systems need to exert control from the boundary. Many researchers have paid special attention to PDE boundary control theory [13] . No matter disturbance rejection or output tracking, when the control action, the disturbance and output tracking signal are in the same boundary (eg. all in 0 end), the control task is relatively easy to complete. However, the control task is more difficult when the control function is not in the same boundary as the disturbance, output tracking signal (eg. one in 0 end, another in 1 end). That is so-called non-collocated problem in infinite-dimensional PDE system. The main difficulty of the non-collocated output tracking control problem is that the control signal, tracking signal and disturbance signal are not in the same channel. In practice, the non-collocated output tracking control problem for wave equation often occurs due to the limitation of objective conditions or mechanical control requirements such as vibration suppression of high speed trains and manipulation of robots. Therefore, we must model the problem mathematically and try to overcome it with proper mathematical methods such that the control action enables the boundary output to track the reference signal in despite of disturbance. The contributions of this paper lie in the following: (a) The problem of output tracking for a wave equation with input delay is solved; (b)The problem of non-collocated output tracking and disturbance rejection is solved by auxiliary trajectory method; (c) We design an cascade system observer just using regulation error;
The rest of the paper is outlined as follows. In section II, the system model and control objective is summarized. In section III, the method of Auxiliary trajectory is developed to address the unmatch disturbance and delay τ . In section IV, the controller will be designed. In section V, we design a observer based on error signal and proved the convergence of the observer by the Lyapunov functional method. In section VI, the uniform boundedness of the loop system will be presented and proved. Section VII presents some numerical simulations to illustrate the effectiveness of the control law and discusses the relevant simulation results. Section VIII concludes the present paper by discussing the main features of the developed schemes.
II. PROBLEM FORMULATION
We consider a one-dimensional wave equation
where c 0 = ±1 is a constant, when c 0 = −1, the real part of the plant (infinite) eigenvalues is +∞ . For c 0 = 0, this system models a string which is free at the end x = 1 and is actuated at the opposite end. For c 0 < 0, the free end of the string is negatively damped, with all eigenvalues located on the right-hand side of the complex plane which lead the openloop system is ''anti-stable''. Such a wave model with antidamping phenomenon can be used, for example, to model duct combustion dynamics. A second application fitting into this framework is the stick-slip phenomenon for drilling is an undesirable limit cycle of the drillstring velocity yielding potentially significant damages on oil production facilities. For c 0 > 0, the system is exponentially stable. In this paper, we assume c 0 > 0. Since the stability problem of the system has been solved, we only consider the output tracking problem of the system as c 0 > 0. The objective is to design a controller such that the performance output u (1, t) can track the reference signal Y ref (t) exponentially in spite of input delay and mismatched disturbances. The signal transmissions are illustrated in block diagram Figure 1 .
III. TRAJECTORY PLANNING FOR THE DISTURBANCE AND TIME DELAY
In this section, inspired by [14] , we will compensate and eliminate the disturbance and time delay by two times trajectory planning. In order to deal with the unmatched disturbance Qv(t) in (6), the first auxiliary trajectory need to satisfy the following system:
where P 1 is a n-dimensional row vector such that φ(0, t) = 0. Inspired by [14] and [13, Ch. 12] again, we try to find a special solution of system (9) in the following form:
Inserting (10) into system (9) and taking φ(0, t) = 0 into account, we have
which leads to
and
Combining (12) and (13), we arrive at
The goal of the first auxiliary trajectory is to find the target system so that the unmatched disturbance is compensated and eliminated. Thus, we let (15) then, by (6) and (9)
Comparing system (6) with system (16), we can find that the disturbance Qv(t) in system (6) has been canceled in system (16) . In order to stabilize the regulation error Y e and compensate the time delay τ , we use trajectory planning again so that the external signal (F − P 1 )v(t) and time delay τ can step into the control channel. We suppose that the trajectory satisfies the following system:
where P 2 is a n-dimensional row vector that will be determined later.
Suppose that the ''ψ-part" of (18) satisfies
Taking (9), (10), (11) and (12) into account, system (19) admits a special solution
The boundary condition of (18) ψ(0, t) = µ(0, t) implies that
Suppose that the ''µ-part" of (18) satisfies
We will find a special solution that takes form:
Inserting (23) into system (22), we have
where
More specifically,
or equivalently,
If we let
Then, by (16) and (18), VOLUME 7, 2019 and
(30)
IV. CONTROLLER DESIGN
It is easy to see that the regulation error Y e (t) is equivalent to ε(1, t) in (30). Thus, if we want to solve the output regulation problem (6), we only need to stabilize system (29). Next, the controller can be designed easily
under which, we get the closed-loop system of (6)
Theorem 1: For any initial state (u(·, 0), u t (·, 0), z(·, 0), v(0)) in H, the system (32) has a unique solution (u(·, t), u t (·, t), z(·, t), v(t)) in C([0, ∞); H) such that, for any t 0 > 0,
where L 1 and ω 1 are two positive constants. Moreover, the state of the closed-loop system (32) is uniformly bounded
Proof: We first consider the following transformed system
with the initial state
where ψ, φ and µ are defined by (20) , (12) and (25), respectively. As system (35) is a cascade of the usual transport equation and wave equation, it is well known that there exists a unique solution (ε(·, t), ε t (·, t), γ (·, t)) ∈ C([0, ∞); H 1 (0, 1) × L 2 (0, 1) × L 2 (0, 1)) to system (35). Motivated mainly by [21, Ch. 19] , we find there is a similar structure between the the system (35) and system (19.100-19.104) in [21] . Moreover, by the idea of [21] , we can obtain the system (35) is exponential stability. Namely, it exists two positive constants L 2 and ω 2 such that ( [21] )
Moreover, we can see that the ''v, z-subsystem" of (32) is independent of the other subsystems, so it admits a unique solution (v(t), z(·, t)) ∈ C [0, ∞); C n × L 2 (0, 1) . With the functions ε, γ , v and z at hand, we define
where ψ, φ and µ are defined by (20) , (12) and (25), respectively. Now, it is easy to verify that such a defined (u(·, t), u t (·, t), z(·, t), v(t)) ∈ C([0, ∞); H) is a solution of system (32). Moreover, the uniformly bounded (34) holds due to (37), (38) and the fact G is dissipative. Next, according to the (37), we get
The proof is completed.
V. OBSERVER DESIGN
In order to estimate v(t), we will design the observer based on the regulation error. The state observer can be designed as follows:
where c 2 1 < 1 4 is the tuning parameters and K = F − P 1 is the conjugate transpose of K * . Let
We have the error system as follows:
Theorem 2: Suppose sufficiently small δ > 0 such that G + (c 1 + 2δc 2 1 )K * K is Huiwitz. Then the error system (42) is exponentially stable in H.
Proof:
In order to obtain the exponential stability of the error system (42), we consider the change of variable η(x, t) =φ(x, t) + (x − 1)z(0, t) (43) and the resulting cascade system of PDEs:
(44) Consider the Lyapunov functional
where β, δ, b > 0 are constants. Using Cauchy-Schwarz Young's inequalities and Sobolev trace-embedding, we can show that there exist m 1 , m 2 > 0 such that
Therefore V is positive definite. The derivative of along the solution of the system (44) iṡ
and use integration by parts, young's inequality and the Sobolev trace-embedding:
We can choose sufficiently small δ > 0 and sufficiently large a, a 1 > 0. Then, (49) is strictly negative definite for
(50) VOLUME 7, 2019 It follows from (45) and (46) that
for some possibly large M . This completes the proof of the lemma.
Moreover, one has the following theorem. Theorem 3: Suppose sufficiently small δ > 0 such that G + (c 1 + 2δc 2 1 )K * K is Huiwitz. Then, for any initial state (ϕ(·, 0), ϕ t (·, 0), z(·, 0), v(0),φ(·, 0),φ t (·, 0),ẑ(·, 0),v(0)) ∈ H 2 and U ∈ H 1 loc (0, ∞), system (16)-(40) admits a unique solution
Moreover, for any t > 0, there exist two positive constants L 3 and ω 3 such that
.
Proof: It is well known that, for any (ϕ(·, 0), ϕ t (·, 0), z(·, 0), v(0)) ∈ H and U ∈ H 1 loc (0, ∞), system (16) admits a unique solution
From Theorem 2, we know that system(42) admits a unique solution (φ(·, t),φ t (·, t),z(·, t),ṽ(t)) ∈ C([0, ∞); H) with initial state (φ(·, 0),φ t (·, 0),z(·, 0),ṽ(0)) = (ϕ(·, 0) − ϕ(·, 0), ϕ t (·, 0) −φ t (·, 0), z(·, 0) −ẑ(·, 0), v(0) −v(0)) such that for all t ≥ 0 (φ(·, t),φ t (·, t),z(·, t),ṽ(t)) H ≤ L A 2 e −ω A 2 t (φ(·, 0),φ t (·, 0),z(·, 0),ṽ(0)) H . (55) Then, we define
Hence, (ϕ(·, t), ϕ t (·, t), z(·, t), v(t),φ(·, t),φ t (·, t),ẑ(·, t), v(t)) ∈ C([0, ∞); H 2 ) is a solution of system (16)-(40). Moreover, by (55) and (55), we can see (53) holds. The proof is completed. Remark 4: In this section, we prove the convergence of the observer by using lyapunov functional method. we need to point out that the design of the observer relies only on regulating error signal, which greatly reduces the measurement of the data. Our goal is to achieve the goal with as few measurements as possible. In addition, the observer design and related proofs of this cascade system are also the highlights of this paper.
VI. THE UNIFORM BOUNDEDNESS OF THE LOOP SYSTEM
According to the observer, we will replace v byv and get the closed-system (6) as follows:
Moreover, one has the following theorem: Theorem 5: Suppose sufficiently small δ > 0 such that G + (c 1 + 2δc 2 1 )K * K is Huiwitz. Then, for any initial state (u(·, 0), u t (·, 0), z(·, 0), v(0),φ(·, 0),φ t (·, 0),ẑ(·, 0),v(0)) ∈ H 2 , the closed-loop (57) admits a unique solution
such that, for any t 0 > 0,
where L and δ are two positive constants. If we assume further that G is dissipative, then the state of system is uniformly bounded
Proof: According to Theorem 1 and Theorem 3, system (57) admits a unique solution
x ∈ [0, 1].
(62) 
By (33) and (53), we can see (59) holds. The proof is completed. Remark 6: Different from other methods, we pay more attention on the process of controller design and mathematical methods. The design of both the controller and the observer mainly applies the estimation/elimination strategy. The auxiliary trajectory method is mainly applied in the design process and the proof process. Furthermore, we obtain the boundedness of the system, the convergence of disturbance estimation and the convergence of exponential tracking in Theorem VI.1.
VII. NUMERICAL SIMULATION
In this section, we present numerical simulations for the closed-loop system (57) to illustrate the effectiveness of the proposed feedback control. we choose the parameters as follows:
and F = (1, 0), Q = (0, 1), c 0 = 2, c 1 = −0.7, τ = 0.5,
The initial states are selected as u(x, 0) = 0, u t (x, 0) = 0,φ(x, 0) = 0,φ t (x, 0) = 0, v(0) = (0, 2),v(0) = (0, −3).
The time step and space step are taken as 0.001 and 0.05. The solution of the closed-loop system (57) is plotted in Figure 2 . It is obviously all the states are bounded. In Figure 3 , the exosystem state v = (v 1 , v 2 ) and its estimationv = (v 1 ,v 2 ) is plotted. The output tracking is plotted in Figure 4 (a) and the disturbance estimation is plotted in Figure 4(b) respectively. All the numerical results show that the convergence is effectively and smoothly. Obviously, output signal u(1, t) can track the given reference signal exponentially in despite of input delay. The disturbance estimation is plotted in Figure 4(b) . The observer reconstructs the corresponding disturbance. Both of them show that the convergence is very effective and smooth. All signals are recovered satisfactorily. In addition, no peaking phenomenon takes place. Comparing Figure 4 (a) with Figure 4(b) , it can be seen that after the convergence of the observer, the output converges to the reference signal verifying disturbance rejection and delay compensation.
VIII. CONCLUDING REMARKS
In this paper, we mainly consider the performance output regulation problem for a wave equation with input delay and unmatched disturbance. Applying a novel auxiliary trajectory method and servomechanism design, the results of [4] , [5] , [21] is extended and the performance output can track the given signal exponentially in despite of unmatched disturbance and input delay . Hence, the contribution of this paper is to solve the non-collocated performance output regulation problem despite input time delay and unmatched disturbance. The idea is potentially promising for treating other PDE-PDE or PDE-ODE systems to solve the performance output regulation which will be our future works.
